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(Cj, j ∈ J)

ò
�.Ü)â

Nr

ìEÜ�â�Û|Ü�áIÞ|éoìEÜ)ß�è\õ�î|è}ï#å�è©áxßÅè©Þ�âÅÜ
r
ò��1äæ÷©Ü)á'ë � (<ÜGç ó~ë\ß�ë®é�Ü)âÅÜGß

α ∈ (0,∞)
ë®á�çqåàâ�ßàäêÝ�â�øæíÈóEè©åàäæâ�ä¹÷©ÜmïÀÜ)äêô©Û�â�å

(wr, r ∈ R)
ù,ïÀÜ>åÅÞ|ó|óEè®åÅÜ>â�Û~ë\â%â�Û|Ü

ì|ë®á|ç�ï#äæç�â�Û`ë®øæøêè-Ý2ë\âÅäæè®á�â�è0Ü2ë®Ý�Û`è®õ9â�Û|Ü
Nr

î~è}ï#åoè©áqßÅè®Þ�â�Ü
r
äæå
xr
ù,ï#Û|Ü)ßÅÜ

x =
(xr, r ∈ R)

äêå#ëvåÅè©øæÞ�â�äæè©á>â�èvâ�Û�Ü¯õSè®øêøæèMï#äæá|ôvè®ó�â�äæémä$@Gë\â�ä¹è©á>ó|ßÅè®ì|øêÜ)é
�

émë�(<äêé�ä$@)Ü ∑

r∈R

wrNr
x1−α
r

1− α

µý4�

åÅÞ|ì3EàÜ)Ý)âfâ�è ∑

r

AjrNrxr ≤ Cj, j ∈ J
 ���

èM÷©ÜGß
xr ≥ 0, r ∈ R.

 P��

ðÀë®øêøAâÅÛ|Ü¯ßÅÜ)åÅÞ|ø¹â�äêá�ô�ë®øæøêèIÝGë\â�ä¹è©áYëvïÀÜ)äêô©Û�â�Ü)ç
α
�tõjë®äêß�ë®øæøêèIÝGë\â�ä¹è©á�ü¹ý�H{þQò

Ú9Û|Ü�õSè©ßÅé×è®õ�ëÈåàè©øêÞ<â�äêè®áqâ�è(â�Û�Ü�ó|ßÅè®ì|øêÜ)é µý��BP��%Ý2ë®á ìEÜ�ô®äæ÷©ÜGá äêáqâ�Ü)ßÅé�å�è\õ
�!ë\ô©ß�ë®á�ô©Ü�éoÞ|øæâÅäæó|øæä¹ÜGßàå

(pj, j ∈ J)
ù<è©á|ÜfõSè©ß¸ÜGë®Ý�Û>è®õ²â�Û�Ü¢Ý2ë®ó|ë®ÝGä¹â�í�Ý)è©á|åµâ�ß�ë\äêá�â�å� ����ù

ë\å

xr =

(

wr
∑

j pjAjr

)1/α

,
 5 �

ï9Û|ÜGßàÜ

pj ≥ 0, pj

(

Cj −
∑

r

AjrNrxr

)

= 0 j ∈ J.
����

Ú�Û|Ü�åàâÅßÅäæÝ)â�Ý)è©á|Ý2ë2÷IäæâWí`è\õ¢âÅÛ|Ü�è©ì3EàÜGÝ�â�ä¹÷©Ü�õSÞ|á|Ý�â�äêè®á µý4�vë\åmë�õSÞ|á|Ý)âÅäêè®á è®õ
(xr, r :

Nr > 0)
Ü)á|åÅÞ�ßÅÜGå%â�Û|ë\â�â�Û|ÜmÝGè©é�óEè©á�ÜGá-â

xr
äæå�Þ|á|ä$ -Þ|Üªä¹õ

Nr

äêå�óEè®åÅäæâÅäæ÷©Ü\òM�xÛ�ÜGá

P



wr = 1, r ∈ R
ù~â�Û|Ü�Ý2ë®åàÜGå

α → 0
ù
α → 1

ë®á|ç
α →∞

ÝGè®ßÅßÅÜ)åÅóEè©á|ç ßÅÜ)åÅóEÜGÝ�â�ä¹÷©ÜGø¹í
âÅèªë®á ë\øêøæèIÝ2ë\âÅäæè®áYï#Û|äêÝ�Û ë®Ý�Û|äêÜ�÷©ÜGå�émë�(<äêéoÞ|éÓâ�Û|ßàè©Þ|ô©Û|ó�Þ�â2ùLäêå������������
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ô®è©ßÅä¹â�Û|é�å�åàÞ|Ý�Û ë®å9Úfð�ñFò
ã»õ
α = 2

ë®á|ç
wr
äæå%â�Û�ÜYßàÜGÝGäæó|ßÅèIÝGë®øÀè\õ#â�Û|Ü>å  -Þ~ë\ßÅÜYè®õ#â�Û|Ü>ßÅè®Þ|á|çqâÅßÅäæó_â�äêé�Ü

è®áÈßàè©Þ�â�Ü
r
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�
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ä¹â�åßÅë\â�Ü�â�è�ÝGè©ßàßÅÜ)åÅóEè©á|ç%ï#ä¹â�Û�â�Û|Ü¸åàâÅÜ2ë®ç<í �»åàâ�ë{â�ÜÀßÅë\â�Ü�è®õLëfÚfð�ñ(Ý)è©á|á|Ü)Ý)â�äæè©á²ù\Þ|åÅÞ~ë\øêøæí
Ý�Û~ë\ß�ë®Ý�â�ÜGßàäA@)ÜGç�äæáYâ�Ü)ßÅé�å#è®õ4ëv÷©Ü)ßÅåàäêè©á�è®õâ�Û|Ü¯äæá-÷©Ü)ßÅåÅÜ¯å  -Þ~ë®ßàÜ�ßÅèIè®â9ø¼ëMï ü.�\þQò
Ú9Û|ÜÈßÅÜ)ø¼ë\âÅäêè®á|å  � � ����ù�ë\á|ç'émè©ßàÜ�ßÅÜL�|á|ÜGç'÷©ÜGßÅåàäêè®á|å�è®õ�âÅÛ|ÜGåàÜ�ßàÜGøêë\â�äæè©á|åGùfÝ2ë®á

ìEÜmåÅè®øæ÷©ÜGç�âÅè ô©ä¹÷©Ümó|ßàÜGç|äæÝ)âÅäêè©á|å�è®õÀâ�Û|ßàè©Þ|ô©Û�ó|Þ�â2ù4ô®äæ÷©Ü)á�â�Û|ÜmáIÞ�éoì�Ü)ßÅå�è®õ�î|è}ï#å
Nó�ßÅÜGåàÜGá�â¯ü �<ùLý��<ùEý��{þQò �1äæ÷©Ü)á

N
ùIá|Ü)âWïÀè©ßàû�óEÜ)ßàõSè©ßàéªë®á�ÝGÜ¢ë\øêè©á|ô�ç|ä8#AÜ)ßÅÜ)á-âÀßàè©Þ�âÅÜGå¸Ý2ë®á

ìEÜ>ó|ßàÜGç|äæÝ)âÅÜGç²ò@?ÀÞ�âoï#Û~ë{âvç|Ü)âÅÜGßÅé�äêá�ÜGå%â�Û�Ü>ì�Ü)Û~ë2÷<äæè©Þ|ß%è®õ
N ACB á|ÜYë\äêé�è®õ#âÅÛ|äêåó|ë®óEÜGß¯äæå�â�è�ìEÜ�âÅâ�Ü)ß¯Þ|á|ç|Ü)ßÅåàâ�ë®á|ç�Û|èMï â�Û|ÜZìEÜ)Û~ëM÷Iäæè©Þ|ß1è®õ

N
äêå1äæá�î~Þ|Ü)á|ÝGÜ)ç�ì-í â�Û|Ü

é�äK(>è®õFâÅß�ë\ö�Ý1âWíIóEÜGåfó|ßÅÜ)åÅÜ)á-â2ò

D �FE ÑHG E��JI��KE 
>Í Ñ ÖML	� 
>ÍÙË!Ö  ÑÓÒ��NE

��ÜZá|è}ï ç|ÜGåàÝGßàäêìEÜ�è©Þ|ß1émèIç�ÜGø,è®õÀÛ|èMï î~èMï#å�ë®ßÅßàäæ÷©ÜZë®á�ç�ç|Ü)ó~ë®ßµâ2ò B Þ�ß�ë®äêé/äêå�â�èô®ÜGá|Ü)ß�ë®øæäA@)Ü#â�Û|Ü�åàâ�èIÝ�Û~ë\åàâ�äæÝ¢é�èIç|Ü)øLõSè®ß��~øæÜ#â�ß�ë®á�åàõSÜGßàåÀäêá�â�ßàèIç|Þ|ÝGÜ)çªäêá ü¹ý75®þEâÅè%äæá|ÝGøæÞ|ç|Ü
åµâ�ßàÜ2ë®é�äêá�ôvî~èMï#åGò
�.Ü)â

Nr

ìEÜvâÅÛ|ÜváIÞ|éoìEÜ)ß1è®õ¸ç�èIÝGÞ|é�ÜGá�â1â�ß�ë\á|åàõSÜ)ßÅå¯è©á�ßÅè©Þ�âÅÜ
r
ù!ë®á�çÈøæÜ)â

Mr

ìEÜ
âÅÛ|Ü0áIÞ|éoìEÜ)ß>è®õ¯åàâ�ßàÜ2ë®é�äêá�ô_î|è}ï#åYè®áTßÅè©Þ<â�Ü

r
ò �¢ÜL�~á�Ü�âÅÛ|Ü0äêá|ç|äæÝ2ë\âÅè©ß�õSÞ�á|Ý)âÅäêè©á

I[r = s] = 1
äæõ
r = s

ù
I[r = s] = 0

è®âÅÛ|ÜGßµï#äêåÅÜ\ò �.Ü�â
TsN = (Nr + I[r =

s], r ∈ R)
ù!ï#äæâÅÛ�äæá-÷©Ü)ßÅåÅÜ

T−1
s N = (Nr − I[r = s], r ∈ R)

ò*��Ü�åÅÞ|ó|óEè®åÅÜmâÅÛ~ë\â
(N,M) = (Nr, r ∈ R;Mr, r ∈ R)

äæåYë > ë®ßàû®è}÷ ó|ßÅèIÝ)ÜGåàåGùfï#äæâ�Û�åàâ�ë\â�Ü0åàó~ë®ÝGÜ
ZJ

+ × ZJ
+

ë®á�ç�á|è©áB�tâ�ßÅä¹÷Iä¼ë®øEâÅß�ë®á|åàäæâÅäêè©áYßÅë\â�Ü)å

q((N,M), (TrN,M)) = νr, q((N,M), (T−1
r N,M)) = µrNrxr(N+M), r ∈ R

q((N,M), (N, TrM)) = κr, q((N,M), (N, T−1
r M)) = Mrηr, r ∈ R

õSè®ß
(N,M) ∈ ZJ

+ × ZJ
+

ù²ï#Û�ÜGßÅÜ
x(N)

äêå1ë>åÅè®øêÞ�âÅäêè©á âÅèYâÅÛ|Üvè©ó�âÅäêé�ä$@2ë{â�ä¹è©á0ó�ßÅè©ìB�
øæÜGé �ý �BP���òYÚ9Û|äêå�Ý)è©ßÅßàÜGåÅóEè®á|ç|å%âÅè0ë�é�èIç|Ü)ø�ï#Û�ÜGßÅÜªá|Ü�ï �|øêÜZâ�ß�ë\á|åàõSÜ)ßÅåoë\ßÅßÅä¹÷©Ü�è©á
ßàè©Þ�âÅÜ

r
ë®å¢ëªñFè®äêåÅåàè©á ó|ßÅèIÝ)ÜGåàå�è®õ*ß�ë{â�Ü

νr
ù�á|Ü�ïÙåµâ�ßÅÜGë®é�äêá|ôZî~è}ï#å�ë\ßÅßÅä¹÷©Ü�è®á ßÅè©Þ�âÅÜ

r
ë®å�ë%ñFè©äêåàåÅè©á>ó|ßàèIÝGÜ)åÅå9è\õ!ß�ë{â�Ü

κr
ù�ë®á|ç

xr(N +M)
äêå�â�Û|Ü¢ì~ë\á|ç�ï#äêç<â�ÛYë®øêøæèIÝGë\â�Ü)ç
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âÅè�ÜGë®Ý�Ûqî~è}ïÓè©áqßÅè©Þ<â�Ü
r
ù,ï#Û|Ü)âÅÛ|ÜGßväæâoäæåvë
�~øêÜmâ�ßÅë®á|åàõSÜ)ßoè©ßoåµâ�ßàÜ2ë®é�äêá|ô�î~èMï¯ò /

�|øêÜ�âÅß�ë®á�åàõSÜGßÀè©á>ßÅè®Þ�â�Ü
r
â�ß�ë®á�åàõSÜGßàå9ë0�~øæÜ�ï#Û|è©åàÜ1åàäA@GÜ¢äæåÀÜ)(<óEè©á�ÜGá-âÅä¼ë\øêøæíZç|äêåµâ�ßàäêì|Þ�âÅÜGç

ï9äæâ�Û`ó~ë®ßÅë®é�Ü)â�Ü)ß
µr
ù¸ë®á|ç ë�åàâ�ßàÜ2ë®é�äêá�ô�î|è}ï è©á ßàè©Þ�â�Ü

r
Û~ë®å�ë®á`Ü)(<óEè©á|Ü)á-âÅä¼ë®øæøæí

ç�äêåàâÅßÅäæì|Þ�â�Ü)ç�Û|è©øêç�äêá|ô%â�äêé�Ü¢ï#äæâÅÛ�ó|ë®ß�ë®é�Ü)âÅÜGß
ηr
ò

ã»õ
κr = 0, r ∈ R

ù*â�Û|Ü)á`âÅÛ|äêåoé�èIç|ÜGøÀßàÜGç|Þ|Ý)ÜGåZâÅè�âÅÛ|ÜYé�èIç|ÜGøÀäæá-â�ßàèIç|Þ|Ý)ÜGç`ì-í
S#è©ìEÜ)ßàâ�å¢ë®á|çO> ë\åÅåÅè®Þ|øêä$Rªü¡ýT5\þtùEäêá�ï#Û|äæÝ�Û�â�Û�ÜGßÅÜ%ë®ßÅÜ�á�èªåàâ�ßàÜ2ë®é�äêá�ô�î~èMï#åGù�è©á|ø¹í �~øêÜ
âÅß�ë®á�åàõSÜGßàåGò��~è©ß!âÅÛ|äêåÝ2ë®åàÜ®ù���Ü���ÜGÝ)ä¼ë®á|ë�ù �!Ü)Ü�ë®á�ç��fè©á|åàâ�ë®á-âÅè©óEè©Þ|øæè©å¸üI�{þ�ë®á�ç ?Àè©á~ë®øæç
ë\á|ç&> ë\åÅåÅè®Þ|øêä$R�üIP{þ�Û~ëM÷©Ü�åÅÛ�è}ï#ávâÅÛ~ë\â*ë¢åÅÞ�ö�Ý)äêÜGá�â*ÝGè©á|ç�äæâ�äæè©á�õSè©ßâ�Û|Ü >�ë®ßÅû®èM÷%Ý�Û|ë®äêá
(N(t), t ≥ 0)

â�èZìEÜ¯óEè©åÅä¹â�ä¹÷©Ü1ßÅÜ)ÝGÞ|ßàßÅÜGá�â�äêå�âÅÛ~ë\â
∑

r

Ajrρr < Cj, j ∈ J,
 H��

ï9Û|ÜGßàÜ
ρr = νr/µr

ú#â�Û|äæå�ÝGè©á�ç|äæâÅäêè©á äêåmë\øêåÅèÈá|ÜGÝ)ÜGåÅåÅë®ßàí ü¡ý�P{þQòxÚ9Û|Ü Ý)è©á|ç|ä¹â�äæè©á äêå
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ρr
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r
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j
ò
�¯Ü)øêø¹íÈë®á|ç
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Û�Ü2ë2÷Ií(â�ß�ë{ömÝ\ùFï#Û|ÜGá_âÅÛ|Ümäêá|ÜL IÞ|ë®øêä¹â�äæÜ)å� H��¯ë®ßÅÜ�ÝGøêè®åÅÜ�âÅè ìEÜ)äêá|ô�â�äêô®Û-â2ù!ï#Û|äæÝ�Û�äæå�ë
û\Ü)íªåµâ�ÜGóªâ�èMï�ë®ßÅç�åÀó|ßÅèM÷Iäêá|ô%åµâ�ë\âÅÜ¢åÅó~ë®Ý)Ü�Ý)è©øêøêë®ó|åÅÜ\ò,Ú9Û�Ü�ó~ë®óEÜ)ßÅå�üIP<ù<�Iù�ýTP\þAë®øæøLéªë®û®Ü
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õSè®ß9è©Þ|ß#ë®á~ë®ø¹í<åàäêå9è\õFâÅÛ|Ü¯Ü)(Iâ�Ü)á|ç|ÜGç é�èIç|ÜGøQò

��Ü¯åÅÛ~ë\øêøAÛ|ÜGá�ÝGÜ�õSè©ßàâÅÛ ë®åàåÅÞ|é�Ü1âÅÛ~ë\â
κr > 0, r ∈ R

ù~ë®á|çYâ�Û|ë\â#ÝGè®á|ç|ä¹â�äêè®á  H��Àäæå
åÅë\â�äæå=�~Ü)ç²ò��¢Ü)�~á|Ü¯â�Û|Ü.��% <�,���% <�� �&�=��&��	��%�'

C̃j = Cj −
∑

r

Ajrρr, j ∈ J.
 ���
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Cj
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j
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(n,m)(t) =

(

Nc(t)

c
,
Mc(t)

c

)

c→∞,

�



ï9Û|ÜGßàÜ
(Nc(t),Mc(t))

äêå�â�Û|Ü�émèIç|Ü)øEè\õ²â�Û|Ü�ó|ßÅÜ�÷Iäêè©Þ|å ,<ÜGÝ�â�äæè©áªì|Þ�â¸ï#äæâÅÛ
Cj, j ∈ J

ù
ë\á|ç

νr, κr, r ∈ R
ùFßÅÜ)ó|ø¼ë®Ý)ÜGç�ì-í

cCj, j ∈ J
ùFë®á|ç

cνr, cκr, r ∈ R
ùFßÅÜ)åÅóEÜGÝ�â�ä¹÷©ÜGø¹í©ò

Ú�Û|Ü¸î|Þ|äêç�é�èIç|Ü)ø-äæåFë®á%ë®ó�ó|ßÅèT(�äæéªë{â�äæè®á�ë®ó|ó|ßàè©ó|ßÅäêë\â�Ü*õSè®ß!âÅÛ|Ü¸ÝGë®åÅÜ�ï#Û|Ü)ßÅÜ
Cj, j ∈ J

ù
ë\á|ç

νr, κr, r ∈ R
ùLë®ßàÜ�ë®øæøAø¼ë®ßàô©Ü®ù|ë®á�äêé�óEè©ßàâ�ë®á-â�Ý2ë®åàÜ�äæá�ë®ó|ó|øæäêÝGë\â�äæè®á|åGò

Ú9Û|Üfî~Þ�äêç�émèIç|Ü)ø|õSè©ß*â�Û|Ü�> ë®ßàû®è}÷Zó|ßàèIÝGÜ)åÅåÀè\õAâ�Û�Ü�øêë®åàâ ,<ÜGÝ�â�äêè®á�â�ë®û®Ü)å�â�Û�ÜfõSè®ßÅé

d

dt
nr(t) = νr − µrnr(t)xr(n(t) +m(t)), r ∈ R

 2��

d

dt
mr(t) = κr − ηrmr(t), r ∈ R.

 ���

�fè®âÅÜ�â�Û|ë\â�è©Þ|ß�ë®åÅåàÞ|é�ó�â�äæè©áÈâÅÛ~ë\â
κr > 0, r ∈ R,

äêé�ó|øæäæÜ)å1â�Û~ë{â
mr(t) > 0, r ∈

R, t > 0
ò

���������	��
��
��	����� 8:����$(��< % < 	���% ������<���	�����������)� '/'+��	�� '���% <�� 	��% <�� � %&��%&��	������ % *+,=���
	�����='�� �!�#"$�%�-��$�%!� , ����*+,�% ����$����
������	9��������	�

(n̂r, m̂r) &(' 	�	��) %�' 	��% �����&�
m̂r =

κr/ηr
����<

n̂r =
νr
µr

(

∑

j∈J pjAjr

wr

)1/α

r ∈ R,
�ý����

������'(��� %
p ∈ RJ

+ &+* 	 	��%"����$����&������	7��������	 	���%-,�����<�1 ��<�	� ����� � � ��	����� 	 � % ����
. ��1 ��� ����, 	 %

r
� '

xr =

(

wr
∑

j pjAjr

)1/α

.
�ý©ý4�

4/� %��=�����
(x, p)

�����&�)' �.'(����, 	 ���� � � % *+,=��	 ����0�2131$������<�	��%�������<���	 ����='

pj ≥ 0, pj

(

C̃j −
∑

r

Ajrm̂rxr

)

= 0 j ∈ J,
�ý4���

����<�	 �54 %&	���%&� 	���%�'(% ��%&� ��	�����=' < %&	 %&�
�!��� %
x

, ����*+,�%&��� &
8:���(� � & /�â�ë®á�äêá-÷{ë®ßÅäêë®á-â�óEè©äêá�â mr(t) = m̂r

ù�õSßÅè©é	Ü7 -Þ~ë\âÅäêè©á  ����ò �~Þ|ßàâ�Û�ÜGßGù

n̂rxr(n̂+ m̂) = ρr,
�ý�P��

H



õSßàè©é ÜL IÞ|ë\â�äæè©á �2���ò �fè}ï ë\âfë®á-íªâ�äêé�Ü
t
ù

xr(n(t) +m(t)) =

(

wr
∑

j pj(t)Ajr

)1/α

ï9Û|ÜGßàÜ

pj(t) ≥ 0, pj(t)

(

Cj −
∑

r

Ajr(nr(t) +mr(t))xr(n(t) +m(t))

)

= 0 j ∈ J,

õSßàè©éÕâÅÛ|ÜmÝ�Û~ë®ßÅë®Ý)âÅÜGßàäA@2ë{â�äêè®áÈè®õ
x
ë\å%ë�åÅè®øêÞ�âÅäêè©á(âÅè ë®á�è©ó�â�äæémä8@2ë\âÅäæè©á(ó|ßàè©ì|øæÜGé è\õ

âÅÛ|Ü1õSè©ßÅé µý �BP���ò*Ú�ÛIÞ|å)ùEë\â�ë\á�äêá�÷\ë®ßàä¼ë®á�â9óEè©äæá-â2ù

pj ≥ 0, pj



C̃j −
∑

r

Ajrm̂r

(

wr
∑

j pjAjr

)1/α


 = 0 j ∈ J,

Þ�åÅäêá�ô�Ü7 -Þ~ë\âÅäêè©á �ý�P��vë®á|ç â�Û|Ü�ç|Ü)�~á|äæâÅäêè©á  ����ò Ú9ÛIÞ�å
x
ù�ô©ä¹÷©ÜGá ì�í �ý©ý4��ù¸äêåvâ�Û|Ü

Þ�á|äA -Þ|Ü�è©ó�â�äæéoÞ|é	â�èªë�ó�ßÅè©ì|øæÜGé$è®õ4â�Û�Ü�õSè©ßàé �ý �BP���ù~ï#ä¹â�Û
C
ßÅÜGó�ø¼ë®Ý)ÜGç ì�í

C̃
ë®á|ç

N
ßàÜGó|øêë®ÝGÜ)ç�ì-í

m̂
ò

�J IÞ|ë\â�äæè©á µý©ý4�fç|ÜGåàÝGßàäêìEÜGå1âÅÛ|Üo÷©ÜGÝ�â�è®ß
n̂
ù²è®õ�ç|äêé�ÜGá�åÅäêè®á

|R|
ù²äêá â�ÜGßàémå�è®õ

p
ù.ë

÷®ÜGÝ)âÅè©ß�ï#Û�äêÝ�Û_émë2í�Û~ë2÷©Üªë�éoÞ�Ý�Û�åàéªë\øêøæÜGß�ç|äêé�ÜGá|åàäêè®á²ù
|J |
ùFë�ó|Û�ÜGá|è©é�Ü)á|è©á �|ßÅåàâ

á�è®â�Ü)ç�äæáYâ�Û|Ü¯ì~ë\ø¼ë®á�ÝGÜGçYî~Þ|äêç�é�èIç|ÜGø²è®õÀü¡ý�P\þQò
Ú9Û|Ü�äêá-÷{ë®ßÅäêë®á-âvóEè©äæá-âZÝ2ë®á ìEÜ�äêá-âÅÜGßàó|ßÅÜ�â�ÜGç ë\åZõSè©øæøêèMï#å)ò �4äæøêÜªâ�ßÅë®á|åàõSÜ)ßÅå�ó|øêë®ÝGÜ

ë\á äêßàßÅÜ)ç|Þ|ÝGäæì|øêÜ�øæè�ë®ç ∑
r Ajrρr

è©á ßÅÜ)åÅè©Þ|ßàÝGÜ
j
õSè©ß�ÜGë®Ý�Û

j ∈ J
òxÚ9Û�Ü ßÅÜ)ç|Þ|ÝGÜ)ç

ÝGë®ó~ë\ÝGäæâÅäêÜ)å
(C̃j, j ∈ J)

âÅÛ~ë\âfßÅÜGémë®äæá�ë\õyâ�Ü)ß#âÅÛ|äêå#øêè©ë®ç�äæå#å�ë\âÅäêå=�|ÜGç ë®ßÅÜ�ëM÷\ë\äêø¼ë\ì|øæÜ�âÅè
ìEÜ¸åÅÛ~ë®ßàÜGçvë®é�è©á|ô©åµâ4åµâ�ßÅÜGë®é�äêá|ôfâÅß�ë\ö�Ý\ù�ë\á|çoç|Ü�â�Ü)ßÅé�äêá|Ü�âÅÛ|ÜÀì~ë\á|ç�ï#äêç<â�Ûvë\øêøæèIÝ2ë\âÅäæè®á
âÅèZî|è}ï#åfè®á�ßÅè©Þ<â�Ü

r
õSè®ß9ìEè®â�Û�âWíIóEÜGåfè®õFâÅß�ë\ö�Ý\ò

�xÛ|Ü)á
κr = 0, r ∈ R

ù�â�Û|Ü�Þ�á|äA -Þ|Ü�äæá-÷\ë\ßÅä¼ë\á-âvóEè©äêá�â�è\õ¢âÅÛ|Ü�î~Þ|äæç émèIç�ÜGø9äæå
n̂ = 0

ü �Iù P\þQò�ã»â1äêå¢á|è®â�ë®ì|øæÜ%âÅÛ~ë\â¢â�Û|Üoäêá|Ý)øêÞ|åàäêè©á è®õ�åµâ�ßÅÜGë®é�äêá|ômâ�ß�ë{ömÝ%ï#ä¹â�Û|äæá â�Û|Ü
î|Þ|äêç�é�èIç|ÜGøAõSè©ßàÝGÜ)å#â�Û�Ü�Ý)è©é�óEè©á|Ü)á-â�å#è®õ

n̂
â�èZìEÜ¯óEè©åÅä¹â�ä¹÷©Ü®ò
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λr
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r
�~øæÜfâ�ß�ë\á|åàõSÜ)ßÅåGù

ë\á|ç�â�Û-Þ|å#ï#äæâ�Û�â�Û�Ü�ó|ßÅÜ�÷<äæè©Þ|åfá|è®â�ë\â�äæè©á²ù
λr = nrxr

ò �.Ü)âfâÅÛ|Ü¯õSÞ|á|Ý�â�äêè®á
ψ(λ)

ìEÜ�ë
óEÜ)á~ë®ø¹â�íªõSÞ|á|Ý�â�äæè©á²ò*Ú9Û|Ü)á�â�Û|Ü¯é�èIç|ä$�|ÜGç�ç�íIá~ë\émäæÝGå#ë®ßÅÜ¯ë®å9õSè©øæøêèMï#å7�

d

dt
nr(t) = νr − µrλr(n(t)), r ∈ R,
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ï9Û|ÜGßàÜ%â�Û|Ü�÷©ÜGÝ)âÅè©ß
λ
è®õ*åÅÜ)ßà÷IäêÝ)ÜoßÅë\â�Ü)å

λr
äæå�ç|Ü)�~á|Ü)çÈë\å�â�Û�Ü%åÅè©øæÞ�â�äæè©á�âÅèmâ�Û|Ü�è©ó�â�äK�

é�äæå�ë\âÅäêè®áYó|ßàè©ì|øæÜGé

émë�(<äêé�ä$@)Ü
φ(λ) :=

∑

r∈R

wrn
α
r

λ1−α
r

1− α
+ ψ(λ)

µý ���

åÅÞ|ì3EàÜ)Ý)âfâ�è ∑

r

Ajrλr ≤ Cj, j ∈ J
�ý�H��

èM÷©ÜGß
λr ≥ 0, r ∈ R.

µý4���
ãWá�âÅÛ|ÜfÝ2ë®åàÜfï#Û|Ü)ßÅÜ

ψ
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ψ
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ô©èIÜGå�â�è @GÜGßàè�ë®å
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+
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, � �&	 ����
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< %�� � %�< ,+�
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∑

r

1

µr

{
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r

(1 + α)ραr
+ nrψ

′

r(ρ)

}

,
�ý(2��

1 ��%&��%
ψ′r(ρ)

'&	����<�' ����� 	���%
r
� 	�!�=���&	������ < %&�
��$���	���$�% ∂ψ
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� � � �+� <�'
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n̂r = ρr
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−ψ′r(ρ)
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)1/α
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λ
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,Iäêá|Ý)Ü1â�Û|Ü1õSÞ�á|Ý)âÅäêè©á
φ
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λ = ρ
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r

{

wr

(

nr
ρr
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+ ψ′r(ρ)

}
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∂nr
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ψ
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λr
åÅè©ø¹÷Iäêá|ô

émë�(<äêé�ä$@)Ü
φ(λ, γ) :=

∑

r∈R

wr

{

nαr
λ1−α
r

1− α
+ m̂α

r

γ1−α
r

1− α

}

åÅÞ|ì3EàÜ)Ý)âfâ�è ∑

r

Ajr(λr + γr) ≤ Cj, j ∈ J

èM÷©ÜGß
λr, γr ≥ 0, r ∈ R.
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ψ(λ) := max

{

∑

r

wrm̂
α
r

γ1−α
r

1− α
, γ ∈ S(λ)

}

,
 �����

ï9Û|ÜGßàÜ

S(λ) =

{

γ ∈ RR
+,
∑

r

Ajrγr ≤ Cj −
∑

r

Ajrλr, j ∈ J

}

.
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λ
ù
λ′
ù.åÅÞ�Ý�Û

âÅÛ~ë\â
λ′r ≤ λr
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r
ù4ë®á�í�÷©ÜGÝ�â�è©ß

γäæá
S(λ)

äêå¯åàÞ|Ý�ÛÈâ�Û~ë\â
γ ′ := (γr + λr − λ′r)

äæå¯äêá
S(λ)

ùåÅè�â�Û~ë\â
ψ(λ) < ψ(λ′)
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ψ
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λ
ù
λ′
ë®á|ç

ε
äæá

[0, 1]
ù�ç|Ü)á|è®â�ÜYì�í

γ
ë®á|ç

γ ′âÅÛ|Üªéªë�(<äæémä¹åÅäæá|ô�÷©ÜGÝ)âÅè©ßÅåoäêá�â�Û|Üªç|Ü)�~á|äæâÅäêè©á_è\õ
ψ(λ)

ù
ψ(λ′)

ßÅÜGåàóEÜGÝ�â�äæ÷©Ü)øæí®ò�Ú9Û|ÜGá
εγ+(1−ε)γ ′

øêäæÜGåFäæá
S(ελ+(1−ε)λ′)

ù�ë®á|çoÝGè®á|Ý2ë2÷IäæâWí%è\õ~â�Û|Ü¸õSÞ|á|Ý)âÅäêè©á%éªë4(�äæé�äæåÅÜ)ç
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ψ(ελ+ (1− ε)λ′) ≥
∑

r

wrm̂
α
r

(εγr + (1− ε)γ ′r)
1−α

1− α
≥ εψ(λ) + (1− ε)ψ(λ′).
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j∈J

pjAjr = −ψ′r(ρ).
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éªë4(�äæé�äæåÅÜ ∑

r

wrNr
x1−α
r

1− α
−
∑

j

Cj

(

∑

r

AjrNrxr

)

è}÷©Ü)ß
x ≥ 0,

ï9Û|ÜGßàÜ
Cj(·), j ∈ J
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pj, j ∈ J
ù

åÅë\â�äæåàõyí

pj = C ′j

(

∑

r

AjrNrxr

)
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j
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ψ(λ) = −
∑

j

Cj

(

∑

r

Ajrλr

)

.
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ë\ç~ë®ó�âÅäæ÷©Ü�ÝGèIç|Ü)ÝGå)ù#åÅè®émÜ�émäæá|äæémë\øÀâ�ß�ë\á|åÅé�äêåàåÅäêè®á ß�ë\âÅÜ�äêå�è\õyâ�ÜGá ßÅÜ7 -Þ|äæßÅÜ)ç õSè®ßmë®Ý)�
Ý)ÜGó<â�ë®ì|øæÜmóEÜ)ßàõSè©ßÅémë®á�ÝGÜ®òM,<Þ|ó�óEè©åÅÜmâÅÛ~ë\â�âWí<óEÜ

r
åµâ�ßÅÜGë®é�äêá|ô�âÅß�ë\ö�Ýmè®á|øæí�ÜGá�â�Ü)ßÅå%ä¹õ

xr ≥ xminr

�âÅÛ|ÜGá�äæáZìEè®âÅÛvâ�Û|Ü�î~è}ï øæÜ)÷©Ü)ø~åµâ�èIÝ�Û~ë®åµâ�äêÝ9é�èIç|ÜGø|ë®á|çZäêáoâ�Û�Ü9î~Þ|äæçZøæäêé�ä¡â2ù
κr
äæå�ßàÜGó|øêë®ÝGÜ)ç(ì�í

κrI[xr ≥ xminr ]
ò /�â¯ë®á�äæá-÷\ë\ßÅä¼ë\á-â¢óEè©äæá-â2ù�ÜGäæâÅÛ|ÜGß

mr > 0
ë®á|ç

xr ≥ xminr

è®ß
mr = 0

ò�Ú9Û|Ü�Ý)è©á|ç�äæâ�äæè©á
xr ≥ xminr

äêå9Ü7 -Þ|ä¹÷\ë®øæÜGá�â#â�è
∑

j

pjAjr ≤
wr

(xminr )α
r ∈ R.
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Ú�ÛIÞ|å¸ë®á�äêá-÷{ë®ßÅäêë®á-â*óEè©äæá-â
(n̂r, m̂r)

äêå*ç|ÜGåàÝGßàäêìEÜGçmäêávâ�Ü)ßÅé�å�è®õ²ë1÷©ÜGÝ�â�è©ß
p
è®õAç�äêé�ÜGáB�

åàäêè®á
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pj, j ∈ J
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J = {1, 2, ..., 10}, R = {(i, j) : i < j, i, j ∈ J}
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