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Abstract 

We analyze the effects of Doppler spread in mobile 
channels on Orthogonal Frequency Division Multiplex 
(OFDM) systems. This is important, since channel 
variations during one OFDM symbol cause Inter Sub- 
Carrier Interference (ICI) in OFDM systems, which 
degrades the performance, since IC1 can be seen as 
additional near-Gaussian noise. The analysis is out- 
lined, and closed-form results given for numerous im- 
portant practical Doppler spread encountered in mo- 
bile channels. We also show that for the case of asym- 
metrical Doppler spreads, the frequency correction of 
the receiver can be adjusted so as to  minimize the 
ICI. To extend our work to OFDM(A) mobile radio 
systems in the uplink case where many users' contri- 
butions to the IC1 overlap, we have introduced the 
concept of an equivalent single-user which causes the 
total ICI, in order t o  use the same analytical frame- 
work. For some channel examples, we simulated the 
Doppler spread of this equivalent user. Simulation re- 
sults confirm our analysis and show the importance of 
the analytical tool t o  perform realistic system analy- 
sis without having to  resort to time consuming time- 
domain simulations. 

1 Introduction 
It is well known that OFDM systems ([l, 21) loose 
their orthogonality when the channel varies over the 
OFDM symbol time, i.e. when the Doppler spread is a 
significant portion of the sub-carrier spacing. Analy- 
sis of the effect of a classical Doppler spectrum on the 
C/I ratio for OFDM has been introduced in [3] and 
employed in methods to  combat IC1 [4] [5]. We have 
found a closed solution for an infinite number of sub- 
carriers and classical (Jakes) Doppler distribution, as 
well as other cases for the Doppler spread, such as the 
important one of an asymmetrical two path channel. 
Also, we are able to  apply our analysis t o  OFDM sys- 
tems for mobile radio scenarios in the case of uplink 
and downlink with several users; which is the focus of 
this paper. Also within this context, we investigate 
the achievable gain from optimally aligning the local 
oscillator t o  the current Doppler spectrum, in order 
t o  minimize the IC1 level. 

The paper is organized as follows: we introduce a 
suitable model for our OFDM scheme and sketch the 

basics for the derivation of the IC1 and C/ I  due to  ar- 
bitrary Doppler spreads. For some relevant models for 
the Doppler spread we present the analytical results. 
We also discuss the optimal local oscillator frequency 
setting for a given Doppler spread in a two path chan- 
nel model. We finally model the uplink and downlink 
in a multi-user OFDM mobile radio scheme where dif- 
ferent user are assigned to different sub-carriers, and 
discuss and interpret the simulation results. 

2 
2.1 Model Outline 

Derivation of the IC1 level 

In our analysis, we have initially assumed a channel 
with a known and fixed number of paths; for exam- 
ple a very simple two path model, where the two 
paths have a different amplitude and Doppler fre- 
quency. The individual IC1 components which will 
additively contribute to  the total IC1 are obtained 
through varying all sub-carriers and all paths. We 
begin by presenting a simple model for the OFDM 
transmission system which is general enough to rep- 
resent the interference scenario which results from 
neighbouring sub-carriers cross-talking onto a partic- 
ular sub-carrier. This so-called inter sub-carrier in- 
terference (ICI), is caused by the time variant mobile 
radio channel which bas a significant Doppler spread 
(in comparison to  the sub-carrier spacing). Note that 
a common Doppler shift can be viewed as a frequency 
offset and be corrected [6]. 

The base-band model is quite simple and is repre- 
sented in Fig. 1 with 2N + 1 sub-carriers. The pulse- 
shaping filters g( t )  and h(t) are matched, and we as- 
sume rectangular (in time) forms for both, where T is 
the useful OFDM symbol length. After the matched 
filter, we have the sampler for each sub-carrier, which 
would be followed by, e.g. the decision unit. We are 
interested in the level of IC1 (and the level of the 
useful signal) after the decision unit. The multi-path 
channel model is drawn in Fig. 2. The channel models 
P paths, each with index k, a Doppler frequency fp', 
attenuation &") . a(k), and delay ~ ( ~ 1 .  

We shall assume that our useful suh-carrier is the 
one with index zero. All other sub-carriers will now 
disturb this sub-carrier, due to  the lost orthogonal- 
ity, resulting from the Doppler spread. We have not 
specifically excluded the extension where we look at a 
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Figure 1: The base-band OFDM transmission model 
with 2N + 1 sub-carriers. The useful sub-carrier will 
usually be the center suh-carrier with index i = 0. 

delays Dopplers ~ amplitudes 

~ j2nrpr~ dol 
; e  , 

Figure 2: The channel model with P paths, each with 
a Doppler frequency, attenuation and delay. 

useful sub-carrier that lies near the edge of the OFDM 
spectrum (e.g. at index N or N - I), since these 
sub-carriers will suffer from less ICI. The extension to 
these cases is straightforward. 

Fortunately, the delay of each path is irrelevant to  
our analysis if all echo durations lie within the guard 
interval (more correctly referred to as the cyclic ex- 
tension) employed in OFDM. Observe that the IC1 
is caused by different paths having different Doppler 
frequencies, which break the orthogonality between 
the sub-carriers. Different echo delays T ( ~ )  and dif- 
ferent phases a@) will essentially result in different 
overall phase rotations in the amplitude leakage from 
any sub-carrier i ,  i # 0, onto the useful sub-carrier 
with index 0, as far as the contribution via the chan- 
ne1 path k is concerned. 

The individual IC1 components which will addi- 
tively contribute to  the total IC1 are obtained through 
varying all sub-carriers i and all paths k. Because of 
statistically independent phases for each path, and 

statistically independent data di on each sub-carrier 
i, all these individual noise components are uncor- 
related. Therefore, we can sum their energies when 
computing the IC1 energy and are ahle to  ignore the 
phase rotation of each path, and, of course, the actual 
phase values of the data symbols transmitted on each 
sub-carrier. The components are statistically inde- 
pendent when the channel paths' Doppler frequencies 
and amplitudes are constant; since this is the case for 
at least the duration of one OFDM symbol, we can 
use the central limit theorem for large N to model the 
IC1 as zero-mean additive Gaussian noise. 

p i - w  $p." 

Figure 3: The simplified transmission model: a) as- 
suming only one disturbing sub-carrier i and observ- 
ing received sub-carrier 0, there is one echo, k. b) 
Setting d i , ~  = 1 V l  allows one to ignore the sampling 
when determining the variance of the samples r t ? .  

To proceed, let us simplify the model further. The 
top half of Fig. 3 shows the data symbol of sub-carrier 
i for OFDM symbol 1, and how it influences the sub- 
carrier zero, for one echo only, namely with index k. 
Furthermore, the phases of the channel paths have 
been set to zero, which we may do for reasons of sym- 
metry. The IC1 power in both I and Q components 
will in reality be the same, but by setting the phases 
to  zero we have forced all the IC1 to  affect the I com- 
ponent only, whose energy will now be equal to  the 
sum of the IC1 energy in the I and Q components in 
the real system. Thus our analysis pertains to  the 
total IC1 energy in I and Q. In order to  continue, the 
model in the top half of Fig. 3 must again be simpli- 
fied. To determine the variance of the samples T$ 

(for a given energy of di,i), the sampling can be 1g- 
nored if we are able to set di,r = l , V  1. This restric- 
tion can be justified since the system is linear and the 
data of one OFDM symbol 1 will not affect the out- 
put of the receiver for other OFDM symbols # 1. In 
this case the variance of yp' will equal that of T A Y  as 
long as E{$[} = 1. This leads to  the simple model of 
Fig. 3 b), where we now need to  calculate the variance 
of yp), which is the integral 

-m 

.T2 . sinc2 (?rfT) d f ,  (1) 

since the spectrum of the signal at the input of the 
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rectangular filter is a Dirac delta with amplitude + . 
a('), at frequency f = fi - fo + fp), and the power 
density spectrum (PDS) of the filter is T 2 4 n c 2  (xfT). 
Thus the variance is: 

c z ( h )  = (a(k))zsinc2 (r(fi - f o  + f f ) ) ~ )  . (2) 
V I  

2.2 Results for Infinite Sub-carriers 

After proceeding with the analysis (details are shown 
in [7]), we are able to show that for infinite carriers 
the IC1 component for one path k onto the central 
carrier is: 

After further steps which involves integration over the 
Doppler spread PDFs, and computation of the useful 
signal component, we obtain closed-form solutions for 
an infinite number of carriers (albeit resorting to the 
use of special functions in the solutions). The C/I 
ratio is computed by dividing the useful signal energy 
by the IC1 energy. 

2.2.1 Two-path Discrete Model 

For the two-path model the useful signal energy is 
(regardless of the number of carriers): 

P, = (1 -pz)sincz ( f i r )  +pzsinc2(Af + fir). (4) 

The variable fi denotes the Doppler frequency of one 
of the paths with energy 1 -p2, and pz the energy of 
the second path. The frequency distance between the 
two paths is denoted by Af.  For an infinite number 
of sub-carriers, the IC1 energy is: 

Nt = (1 - p z )  [l - sinc2(fir)] + 
pz [l - sincz(Af +  IT)] . (5 )  

2.2.2 Uniform 

For a uniform distribution (for scattering environ- 
ments in three dimensions [SI), we have found the 
following solutions, beginning with the IC1 level: 

where Si(.) is the sine integral function [Q]. The useful 
energy is: 

2.2.3 Classical (Jakes) 

The classical Doppler spectrum (see [lo]) is actu- 
ally a long term average. For considerable lengths 
of time we will often observe an asymmetrical or bi- 
ased Doppler spectrum, which in practice we can bet- 
ter approximate through our discrete two-path model 
above, with pz # 0.5. Using the generalized hyper- 
geometric function 191, pFg, where in our case, p = 1, 
q = 2, we can write for the IC1 level for the classical 
spectrum: 

Nt = 1-1 Fz (a -; -,2; ; - ( fd ,ezr)z)  . (8)  

Similarly, the useful energy is 

3 Optimal Receiver Frequency 
Adjustment 

We investigate how the receiver should optimally align 
its local oscillator for a given Doppler spectrum. For 
small Doppler spreads it is sufficient t o  effectively set 
the mean Doppler frequency to zero. For the two 
path model it is very easy to show that this yields the 
approximately optimal solution for f i ,  namely fi 

-Af .pz.  
For large spreads, this is not optimal and results in 

a loss in C/I of 0.5 t o  1 dB. To avoid this loss, the op- 
timal receiver needs to minimize the IC1 directly (for 
example by observing the C/I of some suh-carriers 
and maximizing the C/I). Such a receiver will per def- 
inition find the optimal frequency without having to 
know the optimal solution for each model for the dis- 
tribution of the Doppler frequencies. Alternatively, 
the solution can be found using complex analytical 
techniques. The question of aligning the local oscilla- 
tor has repercussions on the performance of the uplink 
in mobile radio OFDM(A) systems. 

4 Uplink Case for OFDM(A) 
In a model for the uplink of mobile radio OFDM(A) 
schemes or MC-FDMA schemes [ll], we distinguish 
two cases: 1) Each mobile user transmits with its 
nominal carrier frequency; it does not adapt this to 
its Doppler spread experienced in the downlink, which 
might be unrelated to the uplink. Also, the base- 
station receiver does not change its local oscillator 
frequency for each detected user. This case corre- 
sponds to  the more simple situation in which the mo- 
bile does not necessarily have access to a downlink, or 
where the downlink suffers from a different Doppler 
spread (frequency division duplex (FDD), e.g.). The 
resulting equivalent Doppler frequency PDF is that 
which is obtained when all users are merged to  a sin- 
gle, hypothetical, user. Case 2): Each mobile trans- 
mits with a corrected frequency, depending on the 
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Doppler spread it measures in the downlink Time 
division duplex (TDD) is assumed, or a downlink in- 
dicating the necessary frequency shift value for the 
uplink of each user. This is the more suitable case, 
giving improvements if the short term Doppler spec- 
t ra  of some of the users are asymmetrical. The base 
station receiver has no need to change the frequency 
for each user it detects. The individual users mini- 
mize their downlink ICI, since they have chosen their 
carrier frequency accordingly. Since the channel for a 
user is assumed to  be the same in the uplink and the 
downlink, and the IC1 in the uplink is the sum of all 
users' IC1 contributions, the total uplink IC1 is also 
minimized. For a discrete two-path model and four 
disturbing users we have given an example in Fig. 4 for 
these two cases. For case 2), the two powerful paths 
have a lower Doppler frequency due to  the frequency 
correction at each mobile's transmitter, resulting in 
lower ICI. In Fig. 5 the simulated equivalent user's 

case 1 
user 1 

Case 2 
user 1 

Otal 
hted PDF 

Figure 4: The resulting weighted PDF of the equiv- 
alent user for cases 1) and 2). There are 4 uplink 
users, each of these has a different (shown) two path 
channel. 

PDF according to  case 1) without frequency correc- 
tion and to  case 2) with frequency are plotted. It can 
be observed that with frequency correction the power 
is located more in the center, resulting in less ICI. 

5 Results 
The parameters of the analyzed OFDM system (for a 
mobile radio scenario) are as follows: The bandwidth 
is B = 2 MHz and the carrier frequency is located at 
fc = 2 GHz. The number of sub-carries for OFDM 

I1 0.015 1 

10 

Figure 5: Simulated PDF in the uplink 

is N = 256. Thus, the carrier distance is Af = 7.81 
kHz. We have chosen QPSK for symbol mapping. 
The maximum number of active users (fully loaded 
system) is 32, so each user transmits exclusively on 
its 8 sub-carriers. The 8 sub-carriers of a single user 
are block interleaved such that they have maximum 
frequency distance. The data rate per user is 125 
kbit/s. The C/I is evaluated separately for the down- 
and the uplink. For the downlink, we have defined 6 
cases with different assumptions about the multi-path 
propagation in the channel. 

We have defined 2 cases based on a two path model 
with different assumptions on the Doppler spectra: 
The maximum Doppler frequencies fd,m=,useT of the 
individual users is taken in case a) as the absolute 
value of a zero-mean Gaussian RV with U = 0.5 . 
fd,,,, and in case b) from a uniform distribution in 
(O,fd,.,). The power of pz  is taken from a uniform 
distribution in (0,l)  in both cases. 

The C/I  versus the Doppler frequency is shown in 
Fig. 6 for the downlink. Analytical and simulation re- 
sults are shown without frequency correction. Addi- 
tionally, results are presented with optimal frequency 
correction for those cases where it is applicable (asym- 
metric PDFs). As is evident from the figure, the ana- 
lytical results match perfectly with the simulation re- 
sults. The C/I versus the Doppler frequency is shown 
in Fig. 7 for the uplink, and was only evaluated by 
simulations. The C/I is plotted for the case with and 
without frequency correction. 

6 Discussion of Results 
We can observe that for the downlink with uniform 
Doppler PDF we obtain the highest C/I compared to 
the other PDFs. With the uniform PDF we have sig- 
nificant contributions at lower Doppler frequencies. 
Furthermore, the two path model always performs 
worse (without any frequency correction), even when 
compared to the classical PDF. Generally, it can be 
observed that even for very high Doppler frequencies 
of 600 Hz, corresponding to  a velocity of a mobile user 
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Figure 7: Uplink case. Simulations only. 

of 360 km/h, the C/I is greater than 17 dB and can 
be further improved with frequency correction in the 
case of the asymmetric two-path model. These C/I 
values, however, can significantly affect performance, 
since the IC1 can be seen in addition to channel noise. 
For velocities around 100 km/h the C/I is greater or 
equal to 30 dB. The results for the uplink show that 
the more realistic Gaussian Distribution of the maxi- 
mum Doppler frequency per user outperforms an ap- 
proach with uniform distribution. The gains due to 
frequency correction in the uplink are comparable in 
both cases. Moreover, it can be observed, that the 
uplink seems to be less critical than the downlink. 
The reason is that in the downlink we have assumed 
a worst case scenario where the signals for all users are 
effected by the same maximum Doppler shift, whereas 
in the uplink only the fastest users are afflicted with 
the maximum Doppler spreads. The C/I values which 
we can obtain from using our techniques are a vi- 
tal component in exact multi-carrier system designs 
and analyses, since the IC1 effects are not included in 
typical frequency domain simulations which are stan- 

dardly used for the physical layer 
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